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We investigate the dose and dose-rate dependence of the mutation frequency caused by artificial 
radiations with Whack-A-Mole (WAM) model which we have recently proposed. In particular, 
we pay special attention to the case of long-term and low dose-rate exposure. The results 
indicate that the dose-rate dependence is successfully described with WAM model and it may 
replace the so-called DDREF, the concept of which has long been adopted to take account of 
the difference between the high dose-rate data and the low dose-rate ones. Basic properties of 
WAM model are discussed emphasizing the dose-rate dependence to demonstrate how the 
explicit dose-rate dependence built in the model plays a key role. By adopting the parameters 
that are determined to fit the mega mouse experiments, biological effects of long-term exposure 
to extremely low dose-rate radiation are discussed. In WAM model, the effects of the long-term 
exposure show a saturation property, which makes a clear distinction from the LNT hypothesis 
which predicts a linear increase of the effects with time.  
 
 
dose rate; mutation; LNT hypothesis; DDREF; mathematical model; long-term exposure;  
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1. Introduction 
It is nowadays an urgent problem and a matter of debate how to estimate the biological 
effects caused by artificial irradiation. Historically, it may be traced back to the beginning of 
radiation genetics. The discovery of mutations in mature spermatozoa of Drosophila induced 
by artificial radiation was made by Muller in 1927 and since then, the concept of “linear no 
threshold (LNT)” hypothesis has long been adopted as a scientific basis of biological damage 
[1]. It states that the mutation caused by the ionizing radiation increases purely in proportion to 
the total dose, irrespectively of the dose rate. This indicated that individual ionizations within 
irradiated material are responsible for the mutations and the hit theory was soon formulated by 
Lea which explained the linear dependence of the mutation frequency upon the total dose in the 
low dose region [2]. The model has been adopted as a basic formula in radiation genetics. The 
LNT hypothesis was not only adopted by scientific communities, but it also affected the 
societies and governments through the 1956 BEAR I report on the risks of low doses of ionizing 
radiation [3]. It was summarized by the US National Academy of Sciences (NAS) Biological 
Effects of Atomic Radiation Committee in which the radiation-induced cancer risks were also 
placed within the linear hypothesis. 
However, in 1958, W. L. Russell, L. B. Russell and E. D. Kelly reported that low dose-
rate irradiation was less mutagenic than high dose-rate irradiation in spermatogonia and oocytes 
of mice [4]. They continued large-scale experiments using millions of mice to examine genetic 
effects of radiation, which is called mega-mouse project [5]. They observed the dose-rate effect 
in immature cells but not in mature spermatozoa [4]. This finding would have changed the LNT 
view because it indicates that there are yet other mechanisms operating in living organisms.  
According to the concept of molecular and cellular responses, the general aspect of 
dose-response process occurring in biological objects is described in terms of stimulus-response 
procedure. Because this is a purely physical process, it is a reasonable consequence that the 
effect of a stimulus is proportional to its strength, namely to the total dose. This is quite natural 
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if we understand what is meant by Lea’s target hit theory. Note that LNT is just an approximate 
form for the region where the stimulus (total dose) is so weak as to neglect the higher order 
terms.  
  More importantly, we should note that the above formulation is guaranteed only for the 
purely physical processes without any defense system. In living organisms, however, it is 
commonly observed that the produced mutated cells are reduced by the competition with such 
defense effects. Those models which do not take account of such biological mechanism cannot 
be applied to the phenomena, such as mutation. They may be applicable only to the limited 
cases with very high dose rate experiments where the defense system is futile. Indeed, the result 
of mega-mouse experiments clearly indicates that the mutation frequency varies with the dose 
rate; the higher the dose rate is, the larger becomes the mutation frequency [5]. In order to derive 
human risk-estimates based on the animal experiments, it is critically important to understand 
the mechanism of the dose-rate effects correctly. 
The recognition of the dose-rate dependence directed people to the linear-quadratic 
model (LQ model), which was used to estimate the difference between high and low dose-rate 
data in terms of the so-called DDREF (dose and dose-rate effectiveness factor) [6, 7]. An 
explicit form of LQ model is given in BEIR VII report for the excess effects (E) caused by 
artificial radiation with total dose D as a modified version of LNT,  
)1(.)( 2DDDE    
This is called “linear-quadratic dose-response relationship”. The quadratic term represents the 
contribution from two-hit processes in the hit theory. According to BEIR VII report, Equation 
(1) is used for the high total dose. For low total dose case, the first term is dominant and they 
assume that this linear dependence should be used for low dose-rate case; 
0
lim ( ) . (2)
D
E D D

   
DDREF is used to estimate the effects of low dose-rate radiation based on the high dose-rate 
data. They defined the DDREF by dividing Equation (1) by Equation (2),  
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Note that the above defined DDREF is obviously dependent on the total dose D. There is no 
consensus as to the numerical value as well as the range of dose and dose rate to which the 
DDREF should be applied1. Different expert groups have proposed different values for DDREF 
such as 1 or 2, or even 10. Moreover, this formula does not explain the fact that we obtain 
different results with different dose rates even for the same total dose. 
 
2. WAM model 
2.1. Quick review of WAM model 
In the previous papers, we develop novel rate equations to study biological effects 
caused by artificial radiation exposure, accounting for the DNA damage and repair 
simultaneously [9, 10, 11, 12]. We call these equations Whack-A-Mole (WAM) model. The 
introduction of the dependence on the dose rate is critically important to take account of the 
defense effects which protect living organisms from mutation, such as DNA repair, apoptosis, 
and so on. Importantly, WAM model shows the saturation of mutation frequencies, which marks 
a substantial difference from existing theories based purely on the total dose.  
Let us make a quick review of our model. We denote the total effect of the environment 
including the artificial radiation as F(t). Note that F(t) is the total effects, while E(D) counts 
only the excess part of the effect. For simplicity, in this paper, we take the case of a constant 
dose-rate, d, then, in WAM model, F(t) is given as a solution of the following differential 
equation,  
)4(.,,)(
)(
1010 dbbBdaaAtBFA
dt
tdF
  
                                                 
1 In its latest basic recommendations, ICRP defines low dose as 0.2 Gy or below and low 
dose rate as 0.1 Gy/hr or below [8].  
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where A is the source term and B represents the “decay” constant. In this study, F denotes the 
fraction of mutated cells, A is the creation rate of mutated cells and B is the decay rate. We treat 
the mutated cells which remain after repair processes, i.e., the effect of DNA repair is implicitly 
included in the source term A. The decay term B represents the processes that reduce the number 
of mutated cells such as cell death. Each of A and B is expressed in terms of two components, 
dose-rate independent and linear ones. The former arises from the natural effect that exists even 
when there is no artificial irradiation (this is often called “spontaneous” term) and the latter 
represents the responsive effect caused by artificial irradiation. Here, we define the effective 
dose rate deff which is the irradiation strength (dose rate) to cause the equivalent effect to the 
“spontaneous” term, namely, it corresponds to the stimulus of natural surroundings,  
)5(,)( ff1ff10 ee ddaAdaa   
In Sec. 2.3, we demonstrate that the value of deff can be determined from experimental data. 
Note that the “spontaneous” term includes not only the effect of natural radiation, but also other 
factors such as miscopy of DNA in duplication process. Actually, Muller showed that the natural 
mutation frequency is almost 103-104 times larger than the one caused by the natural 
radioactivity [13].  
 
2.2. Solution of WAM equation 
The solution of Equation (4) is easily obtained as,  
  )6(.)0(1)( BtBt eFe
B
A
tF    
This is of the same form as the one known as “growth function”, which is commonly used in 
performing empirical fitting of plant or animal growth data between theory and experiment [14]. 
Characteristically, it approaches asymptotically to a certain value when B is positive. The 
asymptotic value is given by A/B and the time scale that WAM solution deviates considerably 
from the linear behavior is determined by the parameter B. Explicit form of the dose-rate 
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dependence of the above time scale and of the asymptotic value are given as,  
)7(.)(,
11
10
10
10 dbb
daa
B
A
F
dbbB
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

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
  
Equation (6) shows that WAM model solution describes not only the growth but also the decay 
of the effect. The latter occurs when the initial value F(0) is much larger than the asymptotic 
value A/B, as in the case of a radiotherapy. It should be noted that, in the case of WAM model, 
the above parameters A and B which determine the behavior of F(t) vary with the dose rate. 
Even when we have no stimulus from artificial radiation we still suffer DNA damage from 
natural environment which is called “spontaneous effect” and it is given as,  
)8(,
0
0
b
a
Fs   
Let us put F(0) = Fs and define the excess effects of artificial radiation E(t) as,  
)9(.)1()()(
)(
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0
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When the irradiation time t is short, i.e., t « tc, WAM model predicts linear dependence on the 
total dose D without a threshold; 
0
1 1
0
( ) . (10)
a
E t a b D D d t
b
 
    
 
,   
Importantly, the slope does not depend on the dose rate, which is in agreement with LNT 
hypothesis. When the irradiation time t is longer, WAM model begins to show the dose-rate 
dependence. The time t that is necessary to achieve a total dose D depends on the dose rate d as 
t = D/d; the smaller the dose rate is, the larger the time becomes. WAM model has a saturation 
property which means E(t) in Equation (9) starts to deviate from the linear dependence around 
t = tc and it approaches the asymptotic value,  
)11(.)(
10
1
0
0
1
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b
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
  
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In Figure 1, we show an example of WAM model results as functions of total dose D 
for several dose rates. The parameters are given in Table 1, which are obtained from the mouse 
data [10, 11, 12]. It is seen, as the dose rate becomes smaller, that WAM model result deviates 
from the linear dependence at smaller dose D and that the asymptotic value becomes smaller. 
In this way, WAM model reproduces the linear behavior which is seen in high dose-rate 
experiments, on one hand. It also predicts the significant deviation from the linear behavior for 
chronic low dose-rate irradiation, on the other hand. This remarkable character should be 
stressed especially for the low dose-rate case and indeed we have observed the deviation in low 
dose-rate data of mega mouse experiments [4, 5].  
 
Table 1 around here 
 
Figure 1 around here  
 
Now we turn to the dose and dose-rate effectiveness factor (DDREF). WAM model tells 
us that DDREF should not be a constant; it varies with the total dose as well as the dose rate. 
To define an effectiveness factor that corresponds to DDREF in WAM model, we use the excess 
effect of the radiation of total dose D with a constant dose rate d, E(D, d), defined in Equation 
(9);  
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The effectiveness factor  in WAM model is now defined as,  
   )13(,
1
1
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),(
refref
ref
ref
ref
d
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d
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e
dB
dB
e
dDE
dDE




  
where B is given in Equation (4) as B = b0 + b1d, dref is the reference dose rate, and Bref is given 
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as Bref = b0 + b1dref. Equation (13) clearly shows that the effectiveness factor  depends on the 
dose rate d as well as on the total dose D. It is to be noted here that the effectiveness factor  is 
essentially independent of the production of the mutation which is proportional to A in Equation 
(4), but should be regarded as a measure of the defense effects which is expressed by B. In 
Table 2, we show the effectiveness factor  derived from the calculation of Figure 1. The 
reference dose rate is chosen to be dref = 1 Gy/hr. From Table 2, it is seen how the effectiveness 
factor with WAM model changes with the total dose D and the dose rate d. It would be 
impractical to use a single number to represent the dose rate effect. In particular, when the dose 
rate is extremely low, such as 1 Gy/hr, the concept of DDREF would not be meaningful. 
Equation (13) shows that  depends also on the reference dose rate dref. When the total dose is 
small, such that BrefD << dref, the dependence on dref can be eliminated, with a good accuracy, 
as 
   )14(.
1 dBDe
dBD

 
 
Table 2 around here 
 
2.3. Universality of WAM model and realistic parameters 
In the previous publications [10, 11, 12], we have shown that WAM model rationalizes 
the experimental data for the relation between the mutation frequency and the artificial 
irradiation for five species: mouse, fruit fly, chrysanthemum, maize, and tradescantia [5, 15, 16, 
17, 18, 19, 20]. Furthermore, by introducing the dimensionless “time”  and the scaled effect 
function (),  
)15(,
)(
)(
)(
)(
)(,)( 10





E
tE
FF
FtF
tdbb
t
t
s
s
c
  
we demonstrated that WAM model indeed reproduces the experimental data of various species 
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as well as of various dose rates in a unified way [12]. Based on this universality, we here intend 
to treat the effects of the artificial radiation on human beings. Here, we adopt the values of the 
parameters (a0, a1, b0, b1) which are obtained by fitting Russell’s mega-mouse experiments 
[10, 11, 12]. The mouse data have been usefully applied for the estimation of genetic hazards 
of radiation in men [21]. In such cases, it is more reliable to estimate a sort of ratio of the 
observable values, such as the doubling dose, the dose of radiation that induces a mutation 
frequency equal to the spontaneous frequency, not the values directly obtained from the data. 
They have been frequently utilized in the reports of radiation protection committees [7]. It is 
expected that the doubling dose in men is likely to be similar to that in the mouse [5].  
The WAM model parameters obtained from the mouse data are listed in Table 1. From 
Table 1, the effective dose rate deff is calculated as,  
)16(,[mGy/hr] 1.10Gy/hr][1010.1
1094.2
1024.3 3
5
8
1
0
eff 


 


a
a
d  
and the “spontaneous” effect Fs is calculated to be  
)17(.1008.1
1000.3
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Fs  
It should be noted here that the effective dose rate deff is far larger than the dose rate of natural 
radiation which is in the order of 0.1Gy/hr in agreement with the finding of Muller [13]. As 
we have already seen, both the critical time tc and the asymptotic value F(∞) depend on the 
dose rate. We can rewrite Equation (7) in terms of the ratio d/deff,  
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which, for low-dose rate data, are approximately expressed for the present case,   
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2.4. WAM model and LNT hypothesis 
Now that we have seen how the low dose case differs from the high dose case, it is 
interesting to see how the prediction of WAM model deviates from that of a simple linear model 
based on LNT hypothesis. For this purpose, we show the predictions of the excess effects 
induced by low dose-rate radiation exposure taking account of realistic situations which we 
encounter in Fukushima area.  
When we estimate the long-term effect of artificial radiation of low dose rate, the key 
quantity is the ratio F(∞)/Fs or its deviation from 1, namely, how much more effect we will get 
compared with the spontaneous one. From Equation (18), we obtain,   
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Equation (20) shows that, when the dose rate of the artificial radiation d is smaller than the 
effective dose rate deff, the excess effect of the artificial radiation is of the size of d/deff. In a 
realistic case of d = 20 mGy/yr = 2.3 Gy/hr which is under discussion in Fukushima, d/deff is 
estimated as 0.21%. For such a case, the effect of the artificial radiation will be too small to 
discriminate it from the uncertainty of the “spontaneous” effect. In this sense, the effective dose 
rate deff is an essential quantity when we estimate the effect of artificial radiation. We have to 
keep in mind that we used the value of deff which is derived from the mouse data. However, we 
expect that the variations in the effective dose rate among mammals are relatively insignificant 
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[22]. As we mentioned earlier, it is known that if we take the ratio of observed data, such as 
DDREF or the doubling dose, the value is likely to be similar between men and mice [5]. The 
critical time which represents the time scale in WAM model is given as,  
)21(,
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It varies for different species even among mammals, because, for example, the life span is 
different. One may ask if the critical time tc plays any important role in the estimation of the 
effect of the radiation. In fact, the asymptotic value F(∞) is proportional to tc, (see Equations 
(7)). On the other hand, the spontaneous effect Fs is proportional to 1/b0, which is, as seen in 
Equation (21), essentially equal to tc, for small dose rate. Thus the factor cancels in the ratio 
F(∞)/Fs. Above discussion tells us that the difference of the critical time is not essential when 
we estimate the long-term effect of low dose-rate radiation. 
The estimated relative effect of artificial radiation is listed in Table 3 together with the 
asymptotic values for five dose rates: 0.1 Gy/hr, 1 Gy/hr, 10 Gy/hr, 100 Gy/hr, and 1 
mGy/hr. In Figure 2, we show the time dependence of the predicted values of the mutation 
frequency for three dose rates: 10 Gy/hr, 100 Gy/hr, and 1 mGy/hr. For the two cases, d = 
0.1 Gy/hr and 1 Gy/hr, the graphs are omitted in the figure, since the excess effects are too 
small to be recognized in this scale. For the low dose-rate cases shown in Figure 2, the critical 
time does not change much from its natural value, 333 hours = 14 days, and WAM model 
predicts the saturation of the mutation frequency after about one month.  
 
Figure 2 around here 
 
Table 3 around here 
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On the other hand, when we estimate the same quantity with a simple linear model based 
on LNT hypothesis, the predictions are completely different. In Figure 3, we show the 
comparison of the predicted results of the linear model with that of WAM model. The 
spontaneous value Fs is 1.08x10
-5 and we take it as the background level. The uncertainty range 
of the background is assumed to be about 20%, which is shown with the shaded area in Figure 
3. As for the linear model, we use the following expression,  
)22(.,)()( LNTLNT tdDDFDEFtF ss    
We use Equation (10) to obtain the value of , which is 2.79x10-5 [1/Gy]. Now we compare the 
results of the two models in term of the relative effect. From Table 2, we obtain E(∞)/Fs = 
8.62x10-4 for d = 1 Gy/hr, while the linear model gives ELNT(D)/Fs = 2.27x10-2 after 1 year 
and 2.27x10-1 after 10 years. For d = 10 Gy/hr, the linear model predicts ELNT(D)/Fs = 2.27 
after 10 years, which should be compared with E(∞)/Fs = 8.62x10-3 with WAM model. The 
difference between the two models is clearly seen in Figure 3. While the predicted values of 
WAM model remains in the same order as the background, the predictions of the linear model 
increase monotonically in time and in 10 years the difference could be of two orders of 
magnitude, which will completely change the way how we must face the situation.  
As demonstrated in the previous sections, theoretical modeling of the DNA mutation 
based on a single parameter (i.e., the total dose) is unlikely to give in-depth insight into the 
mutation frequencies. Indeed, the experimental data clearly exhibit the dose-rate dependence. 
Thus, we suggest that one should not apply the simple linear model to low-dose radiation cases 
in analyzing the effects of long-term exposure.  
 
Figure 3 around here 
 
3. Conclusions 
WAM model proposes a novel way to estimate the biological effects of artificial 
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radiation. It reproduces experimental results reasonably well irrespective of the diversity of 
species, ranging from animals to plants. The important conclusion is that the dose rate is the 
fundamental quantity to measure the effects of irradiation. Because of the universality, we 
expect that we can apply WAM model to other species from virus to human being. One of such 
application is the prediction of the effects of long-term exposure to extremely low dose-rate 
radiation which we encounter in Fukushima.  
Although the idea of LNT hypothesis is mathematically natural for small dose exposure, 
the linear dependence on the total dose breaks down eventually at larger total dose. The most 
important finding in WAM model is that the degree of the persistence of the linearity depends 
on the dose rate. If we have a high dose rate, the linearity persists up to a large total dose. On 
the other hand, when the dose rate is low, the critical total dose Dc above which we obtain the 
saturating behavior for the excess of mutation frequency gets smaller for lower dose rate. 
Therefore, we should be very careful when we estimate the effect of the radiation of low dose-
rate. Drawing a straight line from high dose-rate with large total dose data to make a prediction 
for low dose-rate case cannot be justified.  
By comparing the two models, WAM model and a linear model based on LNT 
hypothesis, we demonstrate that the prediction based on the simple linear dependence on the 
total dose (LNT) is totally different from the one taking account of the dose-rate dependence 
(WAM). This is a serious warning that we have to take account of the dose-rate dependence 
when we discuss the effects of the long-term exposure to low dose-rate radiation.  
Note, however, that the above discussions are based on the analyses of mutation 
frequency. Applicability of WAM model to health outcomes such as carcinogenesis is still an 
open problem which should be studied in near future.  
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